A generalization of the commuting mapping concept is introduced.
[2-], [3 ] , [4] , [6] [19] . One of the more powerful of these is the following result by Park and Bae [4] which generalizes a theorem by Meir and Keeler [5] . THEOREM 1.2. If f is a continuous self map of a complete metric space X and g is an ( ,6 )-f-contraction which commutes with f, then f and g have a unique common fixed point in X. Definition I.I. Let f andg be self maps of a metric space (X,d). g is an (,)-f-contraction iff for any E 0 there is a >0 such that (i) <_ d(f(x),f(y))< + implies d(g(x),g(y))< , and (ii) g(x)=g(y)when f(x)=f(y) The purpose of this paper is to propose a generalization of the commuting mapping concept. Sessa [6] generalized commuting maps by calling self maps f and g of a metric space (X,d) a weakly commuting pair iff d(fg(x),gf(x)) < d(f(x),g(x)) for x in X. Of course, commuting pairs are weakly commuting, but the converse is false (See [6] ). Baskaran and Subrahmanyam [7] and Rhoades et el. [6] obtained nice fixed point results using this concept. However, since elementary functions as similar as f(x)=x 3 and g(x)=2x 3 are not weakly commutative, it is desirable to introduce a less restrictive concept a concept we shall call compatibility.
In section 2. we define and develop properties of compatible functions, and
we provide examples to illustrate the extent to which the commutativity requirement has been weakened. In section 3. we demonstrate the utility of this concept in the context of metric fixed point theory by replacing the commutativity hypothesis in Theorem 1.2. by compatibility. We further extend Theorem 1.2. by defining ( , )-contractibility for four functions.
In this paper, R,R+, and N shall denote the real numbers, the positive real numbers, and the positive integers respectively, with their usual topologies.
2.
COMPATIBLE MAPPINGS. Any pair f and g of self maps of a set commute on the set of common fixed points"
The following definition will require that f and g commute on the potentially larger set x X" f(x)-g(x) Definition (2.1) If (a).holds, f(t)=g(t)=t. Then the continuity of f and g on F imply fg(x n) /f(t)=t and gf(x n) g(t):t, so that d(fg(Xn),gf(Xn)) 0 as desired. If (b) holds, the compatibility of f and g follow easily from (a) and (2.1) upon noting that F is closed since f and g are continuous. So to comDlete the proof, suppose that F is compact and that (2.1) and (c) hold. Then d(f(Xn), F) +0 Since F is compact there is a subsequence x k g(Xn)) 0 and D(x n, of x n which converges to some element c of F. Then f(Xkn) f(c)=c n by the continuity of f and the definition of F. Consequently, (2.1) implies that c=t F, so f and g are compatible by (a). EXAMPLE 2.4. Let f(x) x4+ax 2 (a> I) and g(x)=x 2 with X=R. Then If(Xn)-g(Xn)l= Xn21Xn 2 +(a-l) I0 iff x n 0( F), so that f and g are compatible by Proposition 2.1(c). But f and g are not weakly commutative; let a=2,x=l. COROLLARY 2.1. Suppose that f and g are continuous self maps of R such that f-g is strictly increasing. If f and g have a common fixed point, then f and g are compatible.
PROOF. Immediate, since f(Xn),g(x t implies that F={ t }. The following result will be useful in section 3.
2. Let f,g:(X,d) (X,d) be compatible. I. If f(t)=g(t), then fg(t)=gf(t).
Suppose that limnf(Xn) limng(Xn) t for some t in X.
(a) If f is continuous at t, limngf(Xn)=f(t).
(b) If f and g are continuous at t, then f(t)=g(t) and fg(t)=gf(t).
PROOF. Suppose that f(t)=g(t), and let Xn=t for n in N. Then f(Xn),
Consequently d(fg(t),gf(t))=O and fg(t)=gf(t), proving I.
To prove 2(a), note that if g(x n)/t, fg(Xn)/f(t) by the continuity of f. But if f(Xn)+t also, since d(gf(Xn),f(t)) d(gf(Xn),fg(Xn))+d(fg(Xn),f(t)), the compatibility of f and g require that d(gf(Xn),f(t))O; i.e., gf(Xn)+f(t ).
We prove 2(b) by noting that gf(Xn)/f(t) by 2(a) and the continuity of f, whereas gf(Xn)/g(t) by the continuity of g. Thus f(t)=g(t) by uniqueness of limit, and therefore gf(t)=fg(t) by part I. Ty) for all x,y, strict inequality holding when Sx#Ty. Also observe that in the above definition the pairs A,S and B,T are evaluated at the same points so that order is significant. Consequently, even though A and B are ( ,6 )-S,Tcontractions, the pair B,A may not be as Example 3.1 will reveal. Definition 3.2. Let A,B,S,T be self mappings of a set X such that A(X)C T(X) and B(X)CS(X). For x o X, any sequence Yn defined by Y2n_l=TX2n_l
AX2n_2 and Y2n=SX2n=BX2n_l for n N will be called an S,T-iteration of x o under A and B.
The above definition ensures us that for nonempty sets X S,T-iterations will exist since A(X) CT(X) and B(X)CS(X), although the sequences Yn certainly need not be unique. f=S=T and g=A=B. This follows upon noting that since g is an ( ,5 )-fcontraction, d(g(x),g(y)) < d(f(x),f(y)) for all x,y so that the stated continuity of f ensures the continuity of g.
The following example of ( , )-contractions pertains to most of the preceding and as such should be instructive. is increasing on X, A and S are compatible on X by Corollary 2.1. which is clearly validon any connected subset of R. However, A and S are not even weakly commutative; consider x=2 for example. On the other hand, B and T are compatible since BT=TB.
To see that the hypothesis of Corollary 3. [15] . Moreover, the corollary below generalizes Theorem I. of [20] by substituting compatibility for commu ta t v ty. Since r < I, c must equal d and the conclusion follows. / REMARK 3.2.. The functions in Example 3.1. show that the concept of ( , -S,T-contractions does indeed generalize the relation (3.13) of Corollary 3.2., since in (3.11)we have !SI-TwI IAI-BylI(I+y)/2)I where (l+y)/2 converges to as y approaches from the right; i.e., there exists no r c (0,I) such that IAx-By <_ r ISx-Tyl for all x,y>_ I. 4 . RETROSPECT.
The preceding results suggest theobvious general question, "To what extent can other fixed point theorems involving commuting maps be strengthened by substituting "compatibility" hypotheses for "commutativity" ?". We however close with more specific QUESTION 4.1. To what extent is the hypothesis that 6 be lower semi-continuous necessary in Theorem 3.2.?
